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A key open issue in condensed matter physics is how quantum and classical correlations emerge
in an unconventional superconductor from the underlying normal state. We study this problem in a
doped Mott insulator with information theory tools on the two-dimensional Hubbard model at finite
temperature with cluster dynamical mean-field theory. We find that the local entropy detects the
superconducting state and that the difference in the local entropy between the superconducting and
normal states follows the same difference in the potential energy. We find that the thermodynamic
entropy is suppressed in the superconducting state and monotonically decreases with decreasing
doping. The maximum in entropy found in the normal state above the overdoped region of the
superconducting dome is obliterated by superconductivity. The total mutual information, which
quantifies quantum and classical correlations, is amplified in the superconducting state of the doped
Mott insulator for all doping levels, and shows a broad peak versus doping, as a result of competing
quantum and classical effects.
I. INTRODUCTION
Quantum and classical correlations among electrons in
many-body quantum systems give rise to striking phases
of matter. Understanding the nature of these correlations
is a fundamental open problem in many-body quantum
physics [1]. A prominent example is the elusive mech-
anism of high-temperature superconductivity in doped
Mott insulators, as realised in cuprates [2–4].
The two-dimensional Hubbard model is the sim-
plest theoretical framework for the phenomenology of
cuprates [5], and can be realised with ultracold atoms in
optical lattices [6–8]. The thermodynamics of the super-
conducting state and its underlying normal state have
been intensively investigated within this model, with
good agreement with experiments in cuprates [5]. In
contrast, there is little knowledge about how quantum in-
formation concepts based on entanglement-related prop-
erties characterise the superconducting state [9]. Un-
derstanding this is crucial, as entanglement may pro-
vide a more fundamental description of quantum mat-
ter [1, 9, 10]. Furthermore, lattices of ultracold atoms
can now detect entanglement-related quantities [11–14]
and are close to being able to detect superconducting
correlations [8, 15].
In this article we examine how information-theoretic
measures can be used to provide an improved under-
standing of strongly correlated superconductivity. En-
tropy is a key concept at the foundation of information
theory [16, 17] and thus quantities based on entropy can
be used to describe quantum and classical correlations
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imprinted in the superconducting state. We answer core
questions: How does superconductivity quench the large
thermodynamic entropy of the normal state at optimal
doping? How do entanglement-related quantities - local
entropy and total mutual information - detect the super-
conducting state? The former contains the entanglement
between a site and its environment, whereas the latter
measures classical and quantum correlations between a
site and its environment. Our analysis builds upon our
previous work focused on the normal state [18] and ex-
tends it to the superconducting state.
II. MODEL AND METHOD
To address these questions, we consider the two-
dimensional Hubbard model on a square lattice, H =
−∑〈ij〉σ tijc†iσcjσ + U∑i ni↑ni↓ − µ∑iσ niσ, where ciσ
and c†iσ respectively destroy and create an electron with
spin σ at site i, n = c†iσciσ, tij is the nearest neighbor
hopping, µ is the chemical potential, and U is the on-site
Coulomb repulsion. tij = t = 1 is our energy unit.
We solve this model with the cellular extension [4, 19,
20] of dynamical mean-field theory [21] (CDMFT). This
technique isolates a cluster of lattice sites and embeds it
in a self-consistent bath of non-interacting electrons. It
offers the key advantage of enabling the treating of both
d-wave superconductivity and Mott physics. We solve
the cluster quantum impurity model with the hybridis-
ation expansion continuous time quantum Monte Carlo
method [22, 23] and using Monte Carlo updates with two
pairs of creation and destruction operators to ensure er-
godicity in the d-wave superconducting state [24]. This
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FIG. 1. Temperature T versus doping δ phase diagram for
(a) U = 5.2 < UMIT, (b) U = 6.2 > UMIT, (c) U = 8.2, (d)
U = 12. The line of open red squares denotes the dynami-
cal mean-field dx2−y2 superconducting transition temperature
T dc . The shaded red region underneath is a guide to the eye
showing the superconducting dome. The dotted line of blue
circles shows the onset of the pseudogap T ∗, calculated by
the drop in the spin susceptibility as a function of T , and the
shaded blue region is a guide to the eye indicating the pseu-
dogap. At low T , the unshaded area indicates a correlated
metallic state. The dashed line with gray crosses shows the
loci of the maximum in normal-state thermodynamic entropy
s as a function of doping at different temperatures, Ts,max.
In panel (b), the pseudogap to metal transition is shown con-
cealed beneath the superconducting dome. The coexistence
region of the first order transition is bounded by spinodal lines
(filled triangles). The transition culminates at a second order
critical point (filled cyan circle). Extending from the finite
temperature critical point is a sharp crossover known as the
Widom line that is defined here by the loci of the maximum in
the isothermal charge compressibility (open triangles). Nor-
mal state data for U = 6.2 are extracted from Ref. [18].
wide range of interaction strengths and to attain low tem-
peratures. Here we consider only the minimal cluster to
capture d-wave superconductivity, i.e. the 2×2 plaquette,




First we create a scan of the temperature T versus
doping δ phase diagram of the two-dimensional Hubbard
model for different values of U , both in the superconduct-
ing and normal states, to map out the superconducting
state and the underlying normal state. Fig. 1 shows the
temperature-doping phase diagram for different values of
the interaction strength U . The case U = 5.2 is below
the threshold for the Mott transition at half filling, which
occurs at UMIT ≈ 5.95 [25], whereas U = 6.2, 8.2, 12 are
above UMIT.
The superconducting transition temperature T dc (red
line with squares) defines the region below which the
dx2−y2 superconducting order parameter Φ = 〈c†K↑c
†
−K↓〉,
with cluster momentum K = (π, 0), is nonzero (see
SI Appendix Fig. S1). It is obtained by calculating
Φ along constant-temperature pathways and constant-
doping pathways. The superscript d in T dc reminds
us that T dc is the cluster dynamical mean-field transi-
tion temperature, and thus physically indicates when su-
perconducting pairs develop in the cluster [26]. Ther-
mal fluctuations preclude long range order in two di-
mensions [27]. However, the Kosterlitz-Thouless vortex-
binding mechanism allows an onset of algebraic decay of
superconducting correlations at an actual value Tc less
than the mean-field result [28].
In agreement with Ref. [29], for U < UMIT, T
d
c mono-
tonically decreases with increasing doping. In contrast,
for U > UMIT, T
d
c has a dome-like shape, with a max-
imum (T dc )max occurring in the U − δ space just above
UMIT. For a given U > UMIT, the superconducting dome
is asymmetric in δ with a steep increase upon doping the
Mott insulator, and a more gentle decrease in the over-
doped region.
Superconductivity can condense either from a strongly
correlated pseudogap (blue region in Fig. 1) or from a
correlated metal without pseudogap. This is because the
critical doping at which the pseudogap onset tempera-
ture T ∗(δ) ends is in the middle of the superconducting
dome, and hence superconductivity is accessible from ei-
ther side [26]. The onset of the pseudogap T ∗(δ) can
be obtained by the drop in the spin susceptibility versus
T [30] (open circles in Fig. 1). Previous studies show
that T ∗(δ) ends abruptly at a critical doping and tem-
perature [30], as found in cuprates [31]. T ∗ is a high
temperature precursor of a first order transition which is
hidden below the superconducting state [26, 29, 30] (in
Fig. 1(b), filled triangles indicate the corresponding co-
existence region for U = 6.2). This is a metal to metal
transition (more precisely, a strongly correlated pseudo-
gap to correlated metal transition), without any symme-
try breaking, only changes in the electronic density. It is
caused by Mott physics plus short range correlations [32],
as it is connected in the U − δ plane to the Mott insula-
tor to metal transition at UMIT and half filling [33, 34].
This transition culminates in a critical point (filled circle
in Fig. 1) beyond which supercritical crossovers emerge
(the Widom line [32, 35]). These crossovers are the loci of
anomalous peaks versus doping in the electronic charge
compressibility [32] (dotted line with open triangles for
U = 6.2), in nonlocal density fluctuations [36], and in the
electronic specific heat [37]. Thermodynamic anomalies
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FIG. 2. Local entropy s1 as a function of doping, for (a)
U = 5.2 < UMIT, (b) U = 6.2 > UMIT, (c) U = 8.2, (d)
U = 12. Data in all panels are at T = 1/50 for the normal
and superconducting states (open circles and shaded squares
respectively). Insets show the difference between the normal
and superconducting states for the local entropy s1 and the
potential energy Epot as a function of doping (solid line and
dotted line respectively). The shaded region around both
curves shows the standard error. s1 normal state data for
U = 6.2 are extracted from Ref. [18].
in the normal state of cuprates [38] can be rationalised
by this phenomenon. The critical point of the pseudo-
gap to correlated metal transition is hidden by supercon-
ductivity, but it influences the normal state up to high
temperatures and controls the superconducting pairing
mechanism [29].
This work focuses on entropy-based quantities, and a
key feature of the entropy landscape is a maximum in
the thermodynamic entropy s as a function of doping.
This maximum bounds the hidden pseudogap to metal
transition at high doping, as shown in Fig. 1 and dis-
cussed in Ref. [34]. This maximum can be found by
direct inspection of s(δ) [18] or, using the Maxwell re-
lation (dn/dT )µ = (ds/dµ)T [34, 39], by finding the
zero of the expansion coefficient (dn/dT )µ. As found in
cuprates [40, 41], this is a vertical crossover line extend-
ing up to high temperature [34]. Physically, it is related
to the localisation-delocalisation physics of doped Mott
insulators [18]. It occurs close to, but not at, the critical
point of the pseudogap to correlated metal transition. In-
deed, the entropy shows an inflection at the critical point
of this transition [18]. We shall show that the maximum
in entropy found in the normal state above the overdoped
region of the superconducting dome is obliterated by su-
perconductivity.
B. Local entropy
Next we go beyond what is accessible by a thermo-
dynamic description and focus on information-theoretic
measures of the superconducting state. We select a re-
gion of the lattice, denoting its sites with the set A and
all other sites by its complement B = A. For a system
in a pure state, entanglement properties are encoded in
the reduced density matrix ρA of subsystem A. In this
work we let A to be just a single site. In principle, mea-
suring the entanglement properties of different sizes of
the subsystem A allows one to study the structure of the
entanglement in the system.
Since the system is translationally invariant and total
spin Sz =
∑
i(ni↑ − ni↓) is conserved, the reduced den-
sity matrix on one site is diagonal [42], and is given by
ρA = diag(p0, p↑, p↓, p↑↓), where pi is the probability that
the site is empty, singly occupied, and doubly occupied.
This simplification allows us to extract two simple and
experimentally detectable [11, 13], entanglement-related
quantities, the local entropy and the total mutual infor-
mation between the single site and the rest of the lattice,
averaged over all sites.
The local entropy becomes s1 = TrA(ρA ln ρA) =
−∑i pi ln(pi). Physically, s1 quantifies the uncertainty
in the state of the single site. At finite temperature, s1
is not a measure of pure quantum entanglement as it is
contaminated by thermal contributions [43–45].
Fig. 2 shows s1(δ) as a function of doping for different
values of U at T < (T dc )max both in the normal and super-
conducting states (open circles and and shaded squares,
respectively). The analysis of s1 across the normal state
phase diagram of the two-dimensional Hubbard model
has been performed in Refs. [18, 46]. Upon doping a
Mott insulator, s1(δ)NS increases and then decreases with
further doping, reflecting the competition between Mott
localisation and Fermi statistics [18]. Up until now the
behavior of s1 in the superconducting state was unknown.
Examining Fig. 2, the superconducting and normal
state local entropies differ, hence s1 does detect the su-
perconducting state. (s1)SC takes values larger or smaller
than that in the normal state. The difference in s1 be-
tween the superconducting and normal states (blue line
in the insets of Fig. 2) can be positive or negative. It is
overall small (less than 1%) and decreases with increasing
U , but is crucially nonzero.
It may seem surprising [9, 47] that s1, which depends
on local quantities D (the double occupancy) and n (the
occupancy) alone, is sensitive to the superconducting or-
der. For example, it was suggested that the reduced
density matrix of at least two sites is necessary to de-
tect superconducting correlations [9, 47, 48]. Note that
for a given n, s1 is a function of D alone, and DU is
the potential energy of the Hubbard model. It has been
shown in Refs. [29, 49–51] that in the superconducting
state the potential energy is lowered at large doping and
increased at small doping, thus ∆Epot changes sign (dot-
ted line in the insets of Fig. 2). This change in potential
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energy is overcome by a kinetic energy change. Upon
condensation, kinetic energy decreases at small dopings
and may increase at large doping. Overall, this gives
rise to a kinetic-energy driven superconductivity at small
doping which progressively extends to larger doping with
increasing U [29]. This observation explains the puzzling
behavior of s1(δ)SC, which takes values larger or smaller
than that in the normal state. The behavior of s1(δ)
in the superconducting state mirrors the behavior of the
potential energy in the superconducting state, and in par-
ticular the change in s1 upon condensation reflects the
sign change of ∆Epot upon condensation - indeed the
sign change occurs at the same doping [29]. Therefore,
s1(δ) not only detects the superconducting state, but also
reflects the source of the condensation energy.
C. Total mutual information and thermodynamic
entropy
Since s1 contains thermal contributions, it is useful
to also consider the mutual information between a sin-
gle site and the rest of the lattice, which measures the
total quantum and classical correlations shared between
the site and its environment [17, 52–54]. For the site
i = 1, it is defined as I(1 : {> 1}) = s1 + s{>1} − s{>0},
where {> i} is the set of sites with indices greater than
i, and {> 0} means the entire lattice. It is zero if the
site and its environment are uncorrelated, and nonzero if
they are correlated. Physically, I(1 : {> 1}) 6= 0 means
that the entire lattice contains more information than
the sum of its subsystems –here the single site i = 1 and
its environment. Simplifications and comparison with
experiments with ultracold atoms in optical lattices [13]
are possible by considering the total mutual information,
which has been formally introduced in our Ref. [46] (see
also Refs. [18, 25]). It is defined as the mutual infor-
mation between a site and the rest of the lattice, av-








i=1[s1(i) + s{>i} − s{>i−1}], where N is the num-
ber of sites. This definition avoids double counting of
the correlations between lattice sites [46]. It is easy to
show [18, 25] that most terms in the sum cancel, leav-
ing I1 = [
∑N
i=1 s1(i)]/N − s, where s = s{>0}/N is the
thermodynamic entropy per site. For translationally in-
variant systems, I1 reduces to the difference between the
local and thermodynamic entropies, I1 = s1 − s [18, 46].
Thus, first let us consider the thermodynamic entropy
s as a function of doping as shown in Fig. 3 for differ-
ent values of U at T = 1/50 < (T dc )max for both normal
and superconducting states. It was obtained using the
method of Ref. [25], which exploits the Gibbs-Duhem re-
lation (see Materials and Methods). The behavior of the
thermodynamic entropy s in the normal state has been
studied in Ref. [18]. At high temperature, the results of
Ref. [18] agree with experimental results with ultracold
atoms [13]. At low temperature, they are compatible
with the entropy landscape of cuprates [40, 41]. The
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FIG. 3. Thermodynamic entropy s as a function of doping,
for (a) U = 5.2 < UMIT, (b) U = 6.2 > UMIT, (c) U = 8.2,
(d) U = 12. Data in all panels are at T = 1/50 for the normal
and superconducting states (open circles and shaded squares
respectively). Normal state data for U = 6.2 are taken from
Ref. [18].
behavior of s in the superconducting state up until now
had not been reported within the two-dimensional Hub-
bard model with CDMFT. We expect our result to be
a lower bound to the total entropy of the real system
(see Materials and Methods). Here we compare s in the
superconducting and normal states.
First, Fig. 3 shows that the thermodynamic entropy is
strongly suppressed in the superconducting state. This
finding complements the suppression of the large scat-
tering rate close to the antinode found in the normal
state [29]. Physically, this is consistent with Cooper
pairs locked into spin singlets propagating coherently in
the lattice. Second, s(δ)SC monotonically decreases with
decreasing doping for all values of U considered here.
Entropy becomes larger close to the high doping end of
the superconducting dome where it must eventually re-
cover its normal-state value. The low value of the en-
tropy near half-filling in the doped Mott insulator regime
U > UMIT suggests that in this underdoped regime, sin-
glets are more strongly bound by J = 4t2/U than at
larger doping. Third, the maximum in the entropy as a
function of doping in the underlying normal state is com-
pletely obliterated by superconductivity. Hence, when
considering stable states only, the maximum in entropy
versus δ defines a vertical line in the T − δ phase dia-
gram (gray crosses in Fig. 1), which when it reaches T dc
then follows the high-doping side of the superconducting
dome.
Overall the behavior of s in the superconducting and
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normal states as a function of doping and temperature
provides a framework to interpret the experimental data
on the entropy landscape of cuprates. For U > UMIT,
qualitative features consistent with experiments in hole-
doped cuprates [40, 41] include: (a) a peak in s(δ)NS
bounds the pseudogap region and is temperature inde-
pendent (see Fig. 1), and (b) a low value of s(δ)SC when
superconductivity emerges from the underlying normal
state pseudogap, followed by a rapid increase close to
the high-doping end of the superconducting dome.
Entropy is a key quantity from which other thermody-
namic properties can be derived. Examples include the
specific heat cV and the thermopower. Under an intense
magnetic field, experiments report a peak in cV at the
doping where the pseudogap ends [38]. This is taken as
a thermodynamic signature of a quantum critical point,
but this hypothesis is complicated by the absence of a
diverging correlation length associated to broken sym-
metry states. CDMFT study [37] solves this paradox by
pinpointing the source of the specific heat anomaly as
arising from the pseudogap to correlated metal critical
point concealed by the superconducting state, without
invoking broken symmetry states associated to the pseu-
dogap. By the Kelvin formula [55], when s(δ) is maxi-
mum, the thermopower changes sign, possibly suggesting
a change of sign in the carriers at finite doping, as found
in experiments [56–58].
The findings of this work on s add a contribution to the
framework emerging from CDMFT studies, which sug-
gests an explanation of the pseudogap phenomenology
of hole-doped cuprates based on Mott physics and short
range correlations.
Hole doped cuprates can be modelled by U > UMIT.
On the other hand, it has been proposed [59] that
electron-doped cuprates can be modelled by a value of
U smaller than UMIT. In this regime, the entropy behav-
ior of Fig. 3(a) is more relevant, in contrast with that
emerging from a doped Mott insulator: there is no peak
at finite doping in the s(δ)NS and there is a larger value of
sSC. Therefore comparing the entropy landscape of elec-
tron vs hole-doped cuprates could also further support
this view.
Next we turn to the total mutual information I1 versus
δ, shown in Fig. 4. First, similarly to s1, I1 does detect
the superconducting state. However, upon condensation
the changes in I1 are larger than those in s1, and hence
they could be detected more easily in experiments with
ultracold atoms in optical lattices.
Second, and contrary to s1, I1 in the superconducting
state is larger than I1 in the normal state for all doping
levels and all values of U . This implies that the system in
the superconducting state has more classical and quan-
tum correlations than in the normal state. Since I1 and
s1 detect superconductivity in different ways, this could
also suggest the possibility that different correlations en-
coded in I1 and not in s1 contribute to superconductivity.
Note that I1 and s1 detect the pseudogap to correlated
metal transition in the underlying normal state in a sim-
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FIG. 4. Total mutual information I1 as a function of doping,
for (a) U = 5.2 < UMIT, (b) U = 6.2 > UMIT, (c) U = 8.2,
(d) U = 12. Data in all main panels are at T = 1/50 for the
normal and superconducting states (open circles and shaded
squares respectively). Inset of panel (b) shows (I1(δ))SC at
U = 6.2 for T = 1/50, T = 1/40, and T = 1/30 (squares,
up triangles, and down triangles respectively). Normal state
data for U = 6.2 are reproduced from Ref. [18].
ilar way: they both show an inflection vs chemical po-
tential [18]. Distinguishing pure quantum from classical
correlations could offer further insight into the nature of
the correlations in the superconducting state. However,
this is not possible with the entanglement-related quan-
tities I1 and s1, and remains an unsolved problem in
the information theory description of finite temperature
phase transitions [1, 60].
Third, (I1)SC is sensitive to the critical value UMIT.
For U < UMIT, (I1(δ))SC decreases with increasing δ.
In contrast, for U > UMIT, (I1(δ))SC first increases and
then decreases with increasing δ, and thus has a broad
maximum at finite doping. This implies that the su-
perconductivity emerging from a doped correlated metal
(U < UMIT) or a doped Mott insulator (U > UMIT) leaves
a distinctive feature in (I1(δ))SC.
In particular, this maximum in (I1(δ))SC replaces the
minimum that exists at finite doping in (I1(δ))NS, which
is a result of the competition between spin and charge
correlations [18]. The spin correlations are caused by J
and win at low δ, whereas the charge correlations win at
large δ. Mathematically, the maximum in (I1(δ))SC can
be understood by the fact that upon doping the Mott
state, (I1)SC is governed by (s1)SC since (s)SC is essen-
tially zero, and hence (I1)SC increases with δ as s1(δ)
does. Then, upon approaching the high-doping end of
the superconducting dome, (s)SC grows with increasing
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δ, and hence (I1)SC decreases with increasing δ. Phys-
ically, the broad peak arises because of the competition
between quantum aspects encoded in s1 that win at low
δ, and classical aspects encoded in s that win at larger δ.
This is further supported by the behavior of (I1)SC for
different temperatures, as shown in the inset of Fig. 4b
for U = 6.2. The lower the temperature, the broader the
range in doping where (I1(δ))SC increases with increasing
δ.
IV. CONCLUSIONS
In summary, we use information theoretic measures to
study quantum and classical correlations in the supercon-
ducting state of the finite-temperature two-dimensional
Hubbard model with CDMFT, by tuning temperature,
doping and interaction strength. Thermodynamic en-
tropy s at finite temperature is very strongly suppressed
near half-filling in the superconducting state. By cal-
culating the local entropy and total mutual information
between a site and its environment, we show that both
s1 and I1 detect the superconducting state. The changes
in s1(δ) upon condensation follow the changes in poten-
tial energy and thus can be positive or negative. In sharp
contrast, I1 in the superconducting state is larger than in
the normal state at all doping levels and for all U , reveal-
ing increased correlations in the superconducting state,
and shows a broad peak versus doping in the doped Mott
insulator case, as a result of competing quantum and clas-
sical effects.
On the theory level, these findings pave the way for
a deeper understanding of superconductivity emerging
from a doped Mott insulator, using information-theory
tools which complement thermodynamic tools [1]. On
the experimental side, the theoretical framework of our
work can be applied to ultracold atom realisations of
the Hubbard model. Our predictions could be tested
soon, when superconducting correlations can be detected
in these systems. Further, our findings on the thermo-
dynamic entropy immediately offer a microscopic model




We solve the cluster quantum impurity model as-
sociated to the CDMFT method using the hybridisa-
tion expansion continuous time quantum Monte Carlo
method [22, 23]. We use 72 to 96 processors, with about
2−4×107 Monte Carlo steps per processor. The CDMFT
self-consistency is iterated until convergence, which is
typically reached within 50 iterations, although hundreds
of iterations are necessary close to the superconducting
phase boundaries or to the pseudogap to correlated metal
boundaries and its associated crossovers. Once conver-
gence is reached, we take the average of between 30 to
several hundred CDMFT iterations. Our goal is that the
standard deviation of local observables such as the oc-
cupancy n and the double occupancy D is of the order
10−5.
SI Appendix Fig. S2 shows the resulting average sign
of the Monte Carlo simulations as a function of doping
for the set of parameters used in Figs. 2, 3, 4. In particu-
lar, the temperature T = 1/50 is the lowest temperature
attained in this work. It is chosen since it is well below
(T dc )max for all values of U considered here, minimizing
the effect of vortex fluctuations on entropy, and because
the sign problem worsens with decreasing temperature.
Construction of thermodynamic entropy
To obtain the thermodynamic entropy s, we use the
protocol described in Ref. [25]. It is based on the Gibbs-
Duhem relation sdT − adP + ndµ = 0, where a is the
area per site and P is the pressure. This protocol only
requires the knowledge of the occupation n(µ) from the
empty band to the half filled band, from which P and
then s are extracted, described as follows and illustrated
in SI Appendix Fig. S3.
At fixed T and U , the Gibbs-Duhem relation reduces
to ndµ = adP . By integration over µ, we obtain the pres-
sure P (µ) = 1/a
∫ µ
−∞ n(µ
′)T dµ′. To perform the numeri-
cal integration, we use the composite trapezoidal method
and a lower limit of integration such that n(µmin) ≈
0.002. Due to the subtle variations in n(µ)T , it is crucial
to obtain n on small steps of µ, which are from 0.2 down
to 0.025. Superconductivity is found in a limited subset
of µ (or doping, see Fig. 1). Therefore, in order to get P
in the superconducting state, this integral is split into two







µSC is the lowest value of µ in the superconducting state.
Finally, at fixed µ the Gibbs-Duhem relation gives the
thermodynamic entropy per site s(µ)T = a (dP/dT )µ.
To perform the numerical derivative, we take finite dif-
ferences between two temperatures. We estimate s at
T = 1/50 shown in Fig. 3 by taking finite differences be-
tween pressure curves P (µ) at T = 1/40 and T = 1/50.
Data availability
All relevant data are included in the article and SI
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FIG. S1. Superconducting order parameter |Φ| as a function of doping δ for different values of the interaction strength U
at T = 1/50. Superconductivity is indicated by a nonzero value of Φ. Operationally, here we consider the system to be
superconducting when |Φ| > 0.002 (see dashed horizontal line). (a) U = 5.2, (b) U = 6.2, (c) U = 8.2, (d) U = 12.
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(a) U = 5.2 < UMIT
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FIG. S2. Average Monte Carlo sign as a function of doping δ for different values of the interaction strength U at T = 1/50, for
both the normal state (open blue circles) and superconducting state (filled red squares). (a) U = 5.2, (b) U = 6.2, (c) U = 8.2,
(d) U = 12.
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FIG. S3. Occupation n, pressure P , and thermodynamic entropy s versus µ at T = 1/50 and U = 6.2 for both the normal
state (open blue circles) and superconducting state (filled red squares). These panels demonstrate the steps in the procedure
for calculating s as described in the “Materials and Methods” section of the main text.
